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Anomalous Doppler Effect Singularities in Radiative Heat Generation, Interaction
Forces and Frictional Torque for two Rotating Nanoparticles
A.I.Volokitin1,2∗
1Samara State Technical University, Physical Department, 443100 Samara, Russia and
2Peter Gru¨nberg Institut, Forschungszentrum Ju¨lich, D-52425, Germany
We calculate the quantum heat generation, the interaction force and the frictional torque for two
rotating spherical nanoparticles with a radius R. In contrast to the static case, when there is an
upper limit in the radiative heat transfer between the particles, for two rotating nanoparticles the
quantum heat generation rate diverges when the angular velocity becomes equal to the poles in the
photon emission rate. These poles arise for the separation d < d0 = R(3/ε
′′(ω0))
1/3 (where ε′′(ω0)
is the imaginary part of the dielectric function for the particle material at the surface phonon or
plasmon polariton frequency ω0 ) due to the anomalous Doppler effect and the mutual polarization
of the particles and they exist even for the particles with losses. Similar singularities exist also for
the interaction force and the frictional torque. The obtained results can be important for biomedical
applications.
PACS: 42.50.Lc, 12.20.Ds, 78.67.-n
I. INTRODUCTION
At present a great deal of attention is devoted to the study of rotating nanoparticles in the context of wide variety
of physical, chemical and biomedical applications. The most important are related to using of rotating nanoparticles
for targeting of cancer cells1–3. The frictional forces due to quantum fluctuations acting on a small sphere rotating
near a surface were studied in Ref.4,5. Different experimental setups for trapping and rotating nanoparticles were
discussed recently in Refs.6–8.
Two arbitrary media in relative motion or at rest and separated by a vacuum gap continually exchange energy
and momentum via a fluctuating electromagnetic field which is always present in the vacuum gap due to thermal
and quantum fluctuations inside media9. This energy and momentum transfer is responsible for the radiative heat
transfer and non-contact friction. At the nanoscale, these phenomena are enhanced by many orders of magnitude due
to the contribution from evanescent electromagnetic waves. Further enhancement occurs if the media can support
surface phonon- or plasmon- polariton modes. The possibility of using localized photon tunnelling between adsorbate
vibrational modes for heating of the molecules was discussed in Ref.10. All these phenomena raised a fundamental
question. Are there limits which restrict the efficiently of energy and momentum transfer betweens bodies? For the
static case in the far-field the radiative heat transfer is maximal for blackbodies when it is described by the Stefan-
Boltzmann law. In the near-field the upper limit for the radiative heat transfer is determined by the transmission
coefficient for photon tunnelling which can not exceed unity in the static case11–13. However for two sliding plates the
photon emission rate can diverge at the resonant conditions due to the anomalous Doppler effect16–18.
In this article we calculate the frictional torque, the interaction force and the heat generation for two rotating
nanoparticles using fluctuation electrodynamics. We determine the resonance conditions under which these quantities
have singularities due to the mutual polarization of the particles and the anomalous Doppler effect.
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FIG. 1: A nanoparticle 2 rotating along the zˆ-axis (Fig.1a) and the xˆ′-axis (Fig.1b), and located at a separation d from the
other nanoparticle 1 at the origin.
2II. THEORY
We consider two spherical particles 1 and 2 located along the zˆ-axis at r1 = (0, 0, 0) and r2 = (0, 0, d) (see Fig.
1). They are characterized by the different temperatures T1, T2 and have the frequency-dependent polarizabilities
α1,2(ω). We introduce two reference frames K and K
′. In the K frame the particle 1 is at rest while the particle 2
rotates around the axis passing through it with an angular velocity Ω. The K ′ frame is the rest reference frame for
the particle 2. The orientation of the rotation axis for the particle 2 can be arbitrary but in the present study we
consider the most symmetric cases when the rotation axis is along zˆ or xˆ′ axes as on Figures 1a and 1b, respectively.
In the comparison with the general case for these limiting cases the calculations are much simpler and the obtained
results are qualitatively the same.
A. Rotation axis along the zˆ axis (see Fig. 1a)
According to fluctuation electrodynamics9, the dipole moment for a polarizable particle p = pf + pind where pfi
is the fluctuating dipole moment due to quantum and thermal fluctuations inside the particle, pindi is the induced
dipole moment. In the K frame the Fourier transformation is determined by
pi(t) =
∫ ∞
−∞
dω
2π
pi(ω)e
−iωt. (1)
In the K frame the dipole moment for particle 1 satisfies equation
p1(ω) = α1(ω)E12(ω) + p
f
1 (ω), (2)
where the electric field created by particle 2 at the position of particle 1 E12 is given by
E12(ω) =
3p2z(ω)zˆ
d3
− p2(ω)
d3
, (3)
where the first and second terms in the right side of Eq. (2) determine the induced and fluctuating dipole moments
of particle 1, respectively, α1(ω) is the polarizability for the particle 1. In the K
′ frame the components of the dipole
moments p′i satisfy to the equation similar to the Eq. (2)
p′2(ω) = α2(ω)E
′
21(ω) + p
f ′
2 (ω), (4)
where E′21 is the electric field created by the particle 1 at the position of the particle 2. The relations between the
dipole moment of the particle 2 in the K and K ′ frames are determined by the equations: p′2z(t) = p2z(t) and
p′2⊥(t) =
(
cosΩt sinΩt
− sinΩt cosΩt
)
pi⊥(t), (5)
where p′2⊥ = (px, py), and for the Fourier components: p
′
2z(ω) = piz(ω),
p′2⊥(ω) = eˆ
′+p−2 (ω
+) + eˆ′−p+2 (ω
−) (6)
where ω± = ω ± Ω, eˆ′± = (xˆ′ ± iyˆ′)/√2, p±2 = (p2x ± ip2y)/
√
2. The same relations are valid for the E′21: E
′
21z(ω) =
E21z(ω),
E′21⊥(ω) = eˆ
′+E−21(ω
+) + eˆ′−E+21(ω
−), (7)
where E±21 = (E21x ± iE21y)/
√
2,
E21(ω) =
3p1z(ω)zˆ
d3
− p1(ω)
d3
, (8)
Using these relations in Eq. (4) and taking into account that (eˆ± · eˆ∓) = 1, (eˆ± · eˆ±) = 0 and (eˆz · eˆ±) = (eˆ± · eˆz) = 0
we get
p2z(ω) =
2α2(ω)p1z(ω)
d3
+ pf2z(ω), (9)
3p2x(ω) + ip2y(ω) = −α2(ω
+)[p1x(ω) + ip1y(ω)]
d3
+ pf ′+2 (ω
+), (10)
p2x(ω)− ip2y(ω) = −α2(ω
−)[p1x(ω)− ip1y(ω)]
d3
+ pf ′−2 (ω
−), (11)
where pf±2 (ω
±) = pf ′2x(ω
±)± ipf ′2y(ω±). From Eqs. (2) and (9)-(11) we get:
p1z(ω) =
pf1z(ω) + 2α1(ω)p
f
2z(ω)/d
3
1− 4α1(ω)α2(ω)/d6 , (12)
p2z(ω) =
pf2z(ω) + 2α2(ω)p
f
1z/d
3
1− 4α1(ω)α2(ω)/d6 , (13)
p1x(ω) =
1
2
[
pf+1 (ω)− α1(ω)pf ′+2 (ω+)/d3
D+
+
pf−1 (ω)− α1(ω)pf ′−2 (ω−)/d3
D−
]
, (14)
p1y(ω) =
1
2i
[
pf+1 (ω)− α1(ω)pf ′+2 (ω+)/d3
D+
− p
f−
1 (ω)− α1(ω)pf ′−2 (ω−)/d3
D−
]
, (15)
p2x(ω) =
1
2
[
pf ′+2 (ω
+)− α2(ω+)pf+1 (ω)/d3
D+
+
pf ′−2 (ω
−)− α2(ω−)pf−1 (ω)/d3
D−
]
, (16)
p2y(ω) =
1
2i
[
pf ′+2 (ω
+)− α2(ω+)pf+1 (ω)/d3
D+
− p
f ′−
2 (ω
−)− α2(ω−)pf−1 (ω)/d3
D−
]
, (17)
where D± = 1 − α1(ω)α2(ω±)/d6, pf±1 (ω) = pf1x(ω)± ipf1y(ω). The spectral density of the fluctuations of the dipole
moment of the i-th particle in the rest reference frame of the particle is determined by the fluctuation dissipation
theorem
< pfij(ω)p
f∗
ik (ω
′) >= 2πδ(ω − ω′) < pfijpfik) >ω (18)
where
< pfijp
f
ik >ω= h¯Imαi(ω)coth
(
h¯ω
2kBTi
)
δjk. (19)
The torque acting on the particle 1 along the zˆ-axis can be written in the form
Mz =
∫ ∞
−∞
dω
2π
< [p1xE12y − p1yE12x] >ω (20)
where E12 is the electric field created by the particle 2 at the position of the particle 1. Using Eqs. (12)-(18) we get
Mz =
h¯
πd6
∫ ∞
−∞
dω
Imα1(ω)Imα2(ω
−)
|1− α1(ω)α2(ω−)/d6|2
(
coth
h¯ω−
2kBT2
− coth h¯ω
2kBT1
)
(21)
The contribution to the torque from the quantum fluctuations (quantum friction) which exists even for T1 = T2 = 0K
MzQ = − 2h¯
πd6
∫ Ω
0
dω
Imα1(ω)Imα2(ω
−)
|1− α1(ω)α2(ω−)/d6|2 (22)
4The heat generated in the particle 1 by a fluctuating electromagnetic field is determined by
P1 =
∫ ∞
−∞
dω
2π
< j1 ·E12 >ω=
∫ ∞
−∞
dω
2π
< −iωp1 ·E12 >ω
=
h¯
πd6
∫ ∞
−∞
dωω
[
2
Imα1(ω)Imα2(ω)
|1− 4α1(ω)α2(ω)/d6|2
(
coth
h¯ω
2kBT2
− coth h¯ω
2kBT1
)
+
Imα1(ω)Imα2(ω
−)
|1− α1(ω)α2(ω−)/d6|2
(
coth
h¯ω−
2kBT2
− coth h¯ω
2kBT1
)]
(23)
and the heat generated by the quantum fluctuations is given by
P1Q = − 2h¯
πd6
∫ Ω
0
dωω
Imα1(ω)Imα2(ω
−)
|1− α1(ω)α2(ω−)/d6|2 . (24)
The force acting on the particle 1 along the zˆ-axis is given by
F1z =
∫ ∞
−∞
dω
2π
< p1 · d
dz
E12(z → 0) >ω
=
h¯
πd7
∫ ∞
−∞
dω
[
6
|1− 4α1(ω)α2(ω)/d6|2
(
Imα1(ω)Reα2(ω)coth
h¯ω
2kBT1
+Reα1(ω)Imα2(ω)coth
h¯ω
2kBT2
)
+
3
|1− α1(ω)α2(ω−)/d6|2
(
Reα1(ω)Imα2(ω
−)coth
h¯ω−
2kBT2
+ Imα1(ω)Reα2(ω
−)coth
h¯ω
2kBT1
)]
(25)
The contribution to F1z from the frequency region corresponding to the anomalous Doppler effect in Eq.(25) is
determined by the integration in the interval 0 < ω < Ω and for T1 = T2 = 0K is given by
FAD1z =
h¯
πd7
∫ Ω
0
dω
3
|1− α1(ω)α2(ω−)/d6|2
[
Imα1(ω)Reα2(ω
−)− Reα1(ω)Imα2(ω−)
]
. (26)
B. The rotation axis is along the xˆ′ axis (see Fig. 1b)
The details of the calculations for the case when the rotation axis is along the xˆ′ axis are given in Appendix A.
These calculations are more involved in comparison with the case when the rotation axis is along the zˆ axis. Using
Eqs. (A8)-(A9) we get the resulting formulas for Mx, P1, F1z and F1y :
Mx =
∫ ∞
−∞
dω
2π
< [p1yE12z − p1zE12y] >ω
=
8h¯
πd6
∫ ∞
−∞
dω
Re(D+∗1 D
+
2 )Imα1(ω)Imα2(ω
−)
|∆|2
(
coth
h¯ω−
2kBT2
− coth h¯ω
2kBT1
)
, (27)
P1 =
h¯
2πd6
∫ ∞
−∞
dωω
[
Imα1(ω)Imα2(ω)
|1− α1(ω)α2(ω)/d6|2
(
coth
h¯ω
2kBT2
− coth h¯ω
2kBT1
)
+
4(|D+1 |2 + 4|D+2 |2)Imα1(ω)Imα2(ω−)
|∆|2
(
coth
h¯ω−
2kBT2
− coth h¯ω
2kBT1
)]
(28)
5F1z =
h¯
2πd7
∫ ∞
−∞
dω
[
3
|1− α1(ω)α2(ω)/d6|2
(
Reα1(ω)Imα2(ω)coth
h¯ω
2kBT2
+ Imα1(ω)Reα2(ω)coth
h¯ω
2kBT1
)
+
12(|D+1 |2 + 4|D+2 |2)
|∆|2
(
Reα1(ω)Imα2(ω
−)coth
h¯ω−
2kBT2
+ Imα1(ω)Reα2(ω
−)coth
h¯ω
2kBT1
)]
(29)
F1y =
∫ ∞
−∞
dω
2π
< p1 · d
dy
E12(y → 0) >ω= 3
d4
∫ ∞
−∞
dω
2π
< p1yp2z + p1zp2y >ω
=
h¯
πd7
∫ ∞
−∞
dω
6
|∆|2
[
3Re(D+1 D
+∗
2 )Imα1(ω)Imα2(ω
−)
(
coth
h¯ω−
2kBT2
− coth h¯ω
2kBT1
)
−Im(D+1 D+∗2 )
(
Reα1(ω)Imα2(ω
−)coth
h¯ω−
2kBT2
+ Imα1(ω)Reα2(ω
−)coth
h¯ω
2kBT1
)]
, (30)
where D±1 = 1− 4α1(ω)α2(ω±)/d6, D±2 = 1− α1(ω)α2(ω±)/d6 and ∆ = D+1 D−2 +D−1 D+2 .
III. RESONANT HEAT TRANSFER AND HEAT GENERATION DUE TO QUANTUM FRICTION
For Ω = 0 the transmission coefficient for the photon tunnelling for two identical particles is restricted by the
condition9,12
tT =
4(Imα/d3)2
|1− (α/d3)2|2 ≤ 1. (31)
Thus P ≤ Pmax where
Pmax =
πk2B
2h¯
(
T 22 − T 21
)
. (32)
The radiative heat transfer between two particles is strongly enhanced in the case of the resonant photon
tunnelling9,12. For a spherical particle of radius R the particle polarizability is given by
αi(ω) = R
3 εi − 1
εi + 2
(33)
where εi is the dielectric function for a material of sphere. A particle has the resonance at ε
′(ωi) = −2 where ε′ is
the real part of ε. For a polar dielectric ωi determines the frequency of the surface phonon-polariton. Close to the
resonance for ω ≈ ωi the particle polarizability can be written in the form
αi(ω) ≈ −R3 ai
ω − ωi + iΓi (34)
where
ai =
3
(d/dω)ε′i(ω)|ω=ωi
, Γ =
Imεi(ωi)
(d/dω)ε′i(ω)|ω=ωi
(35)
Close to the resonance for two identical particles (ω1 = ω2 = ω0, a1 = a2 = a) the transmission coefficient can be
written in the form
tT ≈ 4[aΓ(R/d)
3]2
[(ω − ω+)2 + Γ2][(ω − ω−)2 + Γ2] (36)
where ω± = ω0 ± a(R/d)3. For a(R/d)3 > Γ the resonant heat transfer is given by
Pres ≈ 6h¯ω0Γ[n1(ω0)− n2(ω0)] (37)
6where ni(ω) = [exp(h¯ω/kBTi)− 1]−1. For h¯ω0 < kBTi Pres ≈ 6ΓkB(T2 − T1) and for T2 ≫ T1
Pres
Pmax
≈ 12
π
(
h¯Γ
kBT2
)
<
(
h¯ω0
kBT2
)
< 1. (38)
For a(R/d)3 < Γ
Pres ≈ h¯ω0a
2
Γ
(
R
d
)6
[n2(ω0)− n1(ω0)] < h¯ω0Γ[n2(ω0)− n1(ω0)]. (39)
Another resonance is possible in the condition of the anomalous Doppler effect when ω1 − Ω = −ω29,14–17. At this
resonant condition, taking into account that
α1(ω1) ≈ e ipi2 |α1(ω1)|, α2(−ω2) ≈ e− ipi2 |α2(ω2)| (40)
the denominators in the integrands in Eqs. (22), (24) and (3) contain the factor
1− |α1(ω1)α2(ω2)|
d6
. (41)
At the resonance |α1(ω1)α2(ω2)|/d6 can be larger than unity thus the denominator is equal to zero at
d0 = (|α1(ω1)α2(ω2)|1/3 (42)
what means that for d < d0 the friction torque, heat generation and force interaction can diverge. The origin of this
divergence is related to the creation below critical separation d0 of the resonance at frequency determined by the pool
of the photon emission rate for two rotating particle. This resonance can be lossless even in the case when the surface
phonon- polariton modes for the isolated particles have losses. At such critical conditions the amplitude of electric
field increases infinitely with time which gives rise to the divergence of the heat generation and interaction forces19.
Substituting Eq.(34) in Eq.(42) for the critical separation we get
d0 = R
(
a1a2
Γ1Γ2
)1/6
= R
(
9
ε′′1(ω1)ε
′′
2(ω2)
)1/6
, (43)
(for example, for silicon carbide (SiC) d0 = 2.57R (see below)) and the polarizabilities for the particles 1 and 2 for
ω ≈ ω1 and ω − Ω ≈ ω2 are given by Eq. (34) and by equation
α2(ω − Ω) ≈ −R3 a2
Ω− ω2 − ω − iΓ2 , (44)
respectively. In this resonant case the photon emission rate for 0 < ω < Ω is given by equation
tE =
4Imα1(ω)Imα2(ω − Ω)/d6
|1− α1(ω)α2(ω − Ω))/d6|2
≈ 4Γ1Γ2a1a2(R/d)
6
(Γ1 + Γ2)2(ω − ωc)2 +
[
Γ1Γ2
(
Ω−Ω0
Γ1+Γ2
)2
− (ω − ωc)2 + (Ω−Ω0)(Γ2−Γ1)(ω−ωc)Γ1+Γ2 + Γ1Γ2 − a1a2(R/d)6
]2 (45)
where Ω0 = ω1 + ω2,
ωc =
Γ1(Ω− ω2) + Γ2ω1
Γ1 + Γ2
(46)
For two identical particles the transmission coefficient diverges at ω = ωc = ω0 and Ω = Ω
± where
Ω± = 2

ω0 ± Γ
√( a
Γ
)2(R
d
)6
− 1

 . (47)
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FIG. 2: a) The dependence of the heat generation rate due to quantum friction for the SiC particle 1 with a radius R = 0.5nm,
and b) the interaction forces between the particles on the rotation frequency Ω of the same particle 2. The red, green, blue
and black lines show the results of the calculations for d > d0 = 2.57R at d = 2.60R, d = 2.61R, d = 2.62R and d = 2.63R,
respectively, where d0 is the critical separation between the particles, below which the quantum heat generation rate diverges
at the resonant frequencies Ω±.
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FIG. 3: a) The dependence of the heat generation rate due to quantum friction for the SiC particle 1 with a radius R = 0.5nm,
and b) the interaction force on the separation between the particles. The red and green lines show the results of the calculations
for Ω = Ω0 = 2ω0 and Ω = Ω0(1 + 0.003), respectively, where ω0 is the surface phonon polariton frequency for a SiC particle.
Close to the resonance when
1
4
∣∣∣∣∣
(
Ω− Ω0
2Γ
)2
+ 1−
( a
Γ
)2(R
d
)6∣∣∣∣∣≪ 1 (48)
using Eq. (45) in Eq. (24) we get
P1Q ≈ h¯ω0
Γ
a2(R/d)6∣∣∣(Ω−Ω02Γ )2 + 1− ( aΓ)2 (Rd )6∣∣∣ . (49)
At Ω = Ω0 the photon emission rate diverges at ω = ω1 and d = d0. Close to this resonance quantum heat generation
behaves as
P1Q ∝ d0|d− d0| (50)
As an example, consider two nanoparticles of silicon carbide (SiC). The optical properties of this material can be
described using an oscillator model20
ε(ω) = ǫ∞
(
1 +
ω2L − ω2T
ω2T − ω2 − iΓω
)
, (51)
8with ε∞ = 6.7, ωL = 1.8 · 1014s−1, ωT = 1.49 · 1014s−1, and Γ = 8.9 · 1011s−1. The frequency of surface phonon
polaritons is determined by the condition ε′(ω0) = −2 and from (51) we get ω0 = 1.73 · 1014s−1. From Eq.(42) we get
the critical distance d0 = 2.57R.
For a particle rotating around the x′ axis the denominators in the integrands in Eqs. (27)-(30) contain the factor
∆ = D+1 D
−
2 + D
−
1 D
+
2 (see Sec.II B). Under the resonance conditions when ω ≈ ω0 and ω − Ω ≈ −ω0 we can put
D+1 ≈ D+2 ≈ 1. Thus, a resonance occurs when
∆ ≈ 2
(
1− 2.5α1(ω)α2(ω
−)
d6
)
= 0. (52)
From this equation we get that for the SiC particles the divergence in the photon emission rate occurs for d < d0 = 3R.
For an arbitrary orientation of the rotation axis, the critical separation for SiC particles is in the range: 2.57R < d0 <
3R.
Fig.2 shows the dependence of a) the quantum heat generation rate for a particle 1 and b) the interaction force
between the particles on the angular velocity of the particle 2 for d ≥ 2.6R > d0. In accordance with the above
theoretical analysis these dependences have sharp resonance for d→ d0. For static particles at T2 = 300K and T1 = 0K
from Eq.(37) follows that the resonant photon tunneling contribution to the radiative heat transfer Pres ≈ 10−9W.
In sharp contrast to the static case, for rotating particles the heat generation rate diverges at the resonance at d = d0
and Ω = Ω0 = 2ω0. At the resonance the stationary rotation of a particle is impossible, since in this case the friction
force increases unrestrictedly with time. However, near the resonance the stationary rotation with an arbitrarily high
heat generation rate due to conversion of the mechanical energy into heat is possible. Near the resonance frequency,
the interaction force changes sign (see Fig.2b). In the static case, the van der Waals force between two particles is
given by formula
FvdW (d) =
32
3
(
R
d
)6
AH
d
, (53)
where according to Ref.21 the Hamaker constant for the SiC-SiC system AH = 16.5 · 10−20J. For d = 2.6R = 1.3 nm
FvdW = 5.7 · 10−12N. For rotating particles near resonance the interaction force can be arbitrarily large. Thus tuning
of the interaction force is possible by changing the angular velocity of a particle.
Fig.3 shows the dependences of a) the heat generation rate and b) the interaction forces between the particles on
the separation between the particles for d ≥ 2.6R > d0 for Ω = Ω0 (red curve) and Ω = Ω0(1 + 0.003) (green curve).
In accordance with the above theoretical analysis these dependences have divergences at the critical angular velocity
Ω0.
The condition for the validity of the dipole approximation for two particles is determined by 2R/d ≪ 1. For SiC
particles, the multipole expansion parameter for d ≈ 2.6R ≈ d0 is equal to 0.8 and 0.7 for the rotation axis directed
along and perpendicular to the z axis, respectively. Therefore the numerical calculations given above play the role of
a qualitative estimation of the effect. Its quantitative description for SiC particles requires consideration of multipole
effects.
IV. SUMMARY
Fluctuation electrodynamics was used to calculate the heat generation, the interaction force and the frictional
torque for two rotating nanoparticles, taking into account the mutual polarization of the particles. In a sharp contrast
to the static case, all these quantities diverge at the resonant conditions even for the case when there are losses in the
particles. The origin of these features is related to the divergence of the photon emission rate under the conditions
of the anomalous Doppler effect. The obtained results can found broad application in nanotechnology. In particular,
they can be used for tuning of the interaction forces and the heat generation by changing the angular velocity. These
processes can be used for targeting cancer cells. For practical application of the predicted effects, it is necessary to
search for or create materials with a low frequency of the plasmon or phonon polaritons and a small imaginary part of
the dielectric function at this frequency. InSb semiconductor has a frequency of the surface plasmon-phonon polaritons
in the THz region20. However, the dielectric function for this material has a large imaginary part at this frequency,
which leads to a small value for the critical distance. On the other hand metamaterials can have a frequency of the
plasmon polaritons in the GHz region22.
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9Appendix A: The rotation axis is along the xˆ′ axis (see Fig. 1b)
In the case of the rotation axis directed along the xˆ′ axis instead of Eqs. (9)-(11) we get
p2x(ω) = −α2(ω)p1x(ω)
d3
+ pf2x(ω), (A1)
p2z(ω) + ip2y(ω) =
α2(ω
+)[2p1z(ω)− ip1y(ω)]
d3
+ pf ′+2 (ω
+), (A2)
p2z(ω)− ip2y(ω) = α2(ω
−)[2p1z(ω) + ip1y(ω)]
d3
+ pf ′−2 (ω
−), (A3)
Using Eq. (2) in Eqs. (A2) and (A3) we get the set of equations:
D+1 p2z(ω) + iD
+
2 p2y = P
f+
2 , (A4)
D−1 p2z(ω)− iD−2 p2y = P f−2 , (A5)
where D±1 = 1 − 4α1(ω)α2(ω±)/d6, D±2 = 1 − α1(ω)α2(ω±)/d6, P f±2 = α2(ω±)[2pf1z(ω) ∓ ipf1y(ω)]/d3 + pf ′±2 (ω±).
From Eqs. (2), (A1), (A4) and (A5) we get
p1x(ω) =
pf1x(ω)− α1(ω)pf2x(ω)/d3
1− α1(ω)α2(ω)/d6 , (A6)
p2x(ω) =
pf2x(ω)− α2(ω)pf1x(ω)/d3
1− α1(ω)α2(ω)/d6 , (A7)
p1z =
1
∆
[
D+2 P
f−
1z +D
−
2 P
f+
1z
]
, p1y =
1
∆
[
D+1 P
f−
1y +D
−
1 P
f+
1y
]
, (A8)
p2z =
1
∆
[
D+2 P
f−
2 +D
−
2 P
f+
2
]
, p2y =
i
∆
[
D+1 P
f−
2 −D−1 P f+2
]
, (A9)
where P f±1z = p
f
1z(ω)∓2ipf1y(ω)+2α1(ω)pf ′±2 (ω±)/d3, P f±1y = pf1y(ω)± ipf1z(ω)/2± iα1(ω)pf ′±2 (ω±)/d3, ∆ = D+1 D−2 +
D−1 D
+
2 .
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